The anomalous Hall and Nernst effects are considered theoretically within Matsubara-Green's function formalism. The effective Hamiltonian of a magnetized two-dimensional electron gas with cubic Rashba spin-orbit interaction may describe transport properties of electronic states at the interfaces or surfaces of perovskite oxides or another type of heterostructures that, due to symmetry, may be described by the same effective model. In the quasi-ballistic limit, both effects are determined by the topological (Fermi sea) contribution whereas the states at the Fermi level gives a negligibly small response. For a wide range of parameters describing the considered system, the anomalous Nernst conductivity reveals a change of the sign before the magnetic phase transition. 
I. INTRODUCTION
Spin-orbit interaction is the origin of various phases and phenomena observed in the physics of solid-state providing pure electric control of the spin degree of freedom [1] . Nowadays, the spin-orbit driven transport phenomena, such as anomalous and spin Hall effects, has become a fundamental tool for generation spin accumulation and detection of spin currents and topological character of quasiparticles states. Moreover, pure electrical control of the spin degree of freedom is one of the crucial ideas of spintronics, according to which spin-based electronics should provide smaller, cheaper and faster electronic devices with high functionality (e.g., data storage and logic operations in one material) and low energy consumption at room temperatures [2] [3] [4] [5] [6] .
It is known that spin-orbit interaction strongly depends on the type of impurities and the crystallographic potential of the host material and is especially enhanced in low dimensional systems. In such a case the space inversion symmetry is broken at the surfaces or interfaces what results in an additional component of the spin-orbit interaction, called the Bychkov-Rashba interaction [7] [8] [9] [10] . This type of spin-orbit interaction, resulting from structural inversion asymmetry, has been described initially in the context of a two-dimensional electron gas forming at the interfaces of semiconductor heterostructures [8] . For symmetry reasons, Rashba Hamiltonian is odd in quasiparticle momentum what leads in the simplest approximation to the well known k-linear dependence. However, in various 2D systems, terms with a cubic momentum dependence play also an important role. The so-called cubic Rashba interaction is responsible, e.g., for spin and transport properties of * adyrdal@amu.edu.pl a two-dimensional hole gas formed at the interfaces of III-V semiconductor heterostructures [11] [12] [13] [14] [15] [16] . Recently, the cubic character of Rashba interaction has also been found in a two-dimensional electron gas at the perovskite oxides surfaces and interfaces such as LaAlO 3 /SrTiO 3 (LAO/STO) [17] [18] [19] [20] .
The thin films or heterointerfaces of perovskite oxides are a diverse group of materials with intriguing aspects of fundamental physics. For instance, the interfaces of insulating nonmagnetic oxide perovskites reveal interesting physical properties such as two-dimensional metallic conductivity, large negative magnetoresistance, metalinsulator transition, low-temperature superconductivity, and ferromagnetism as well as their coexistence [21] [22] [23] . Moreover, experimental data indicate strong spinto-charge interconversion effects governed by spin-orbit coupling [24] [25] [26] [27] .
Here, we investigate anomalous Hall and Nernst effects in a two-dimensional electron gas with anisotropic k-cubed Rashba spin-orbit coupling. Anomalous Hall effect has become nowadays one of the most important and commonly used experimental tools, delivering information about magnetization, transport properties, and the system topology [28] . Although the behavior of anomalous Hall conductivity in the presence of linear Rashba coupling has been investigated intensively, the influence of the cubed Rashba coupling on it has got much less attention. Therefore, the purpose of this paper is to provide the theoretical description of the AHE and ANE in magnetized 2D electron gas with cubic Rashba coupling. Since perovskite oxides have become recently very promising materials for spintronics applications, the effective Hamiltonian derived for 2DEG at LAO/STO interface is considered. However, the presented model and qualitative results may also be applied to other structures that, due to symmetry arguments, can be described by the same Hamiltonian.
In Section 2 the effective low-energy Hamiltonian de- scribing electronic states of 2DEG with cubic Rashba spin-orbit coupling is described. In this section, the Matsubara-Green's function formalism is applied to the anomalous Hall and Nernst effects. The Berry phase approach is also introduced. The discussion of numerical results is given in Sec. 3. Finally, Sec. 4 contains the final remarks and summary of this work.
II. MODEL AND METHOD

A. Effective Hamiltonian
The electronic energy spectrum describing STO surfaces and STO/LAO interfaces has been calculated recently within the tight-binding approach and DFT modeling [17, 18, [29] [30] [31] [32] . Based on these calculations the effective Hamiltonian describing the neighborhood of the Γ point in the Brillouin zone has been derived [17] [18] [19] [20] . This energy spectrum is formed by three pairs of bands as presented in Fig. 1(a) . These bands are created by dorbitals (d xy , d xz and d yz ) originating mostly from t 2g atomic orbitals of Ti. The effective Hamiltonian describing the lowest pair of bands is formed by d xy orbital and has a form of k-linear Rashba Hamiltonian with a negative coupling constant. The middle pair of bands around Γ point is described by spin-orbit coupling term which is not only anisotropic in a k-space but also has a cubic dependence on k ( Fig. 1(b) -(e)). The highest, in energy, pair of bands is characterized by effective Hamiltonian with k-linear Dresselhaus-like form of spinorbit [20] . Since electronic transport characteristics in a system with conventional Rashba term is rather well described, within this article, we focus only on the transport properties of quasiparticles from the middle pair of bands. Another word, the aim is to describe transport properties related to quasiparticle states determined by anisotropic k-cubed Rashba spin-orbit interaction. The effective Hamiltonian describing the system under consideration has the following form:
where
y and k x = k cos(φ), k y = k sin(φ) are the wavevector components, m is an effective mass of quasiparticle. The Rashba coupling constant is defined as λ = a 3 γ(t 1 + t 3 − t 2 )/∆, where a is the lattice constant for perovskite oxides, γ and ∆ stands for the effective hopping amplitude and energy difference between the d xy orbital and the d xz and d yz orbitals, respectively while t 1,2,3 are the tight-binding parameters describing the virtual hopping between d-orbital states via p-orbitals of the oxygen [20, 29, 30] . The last term in the Hamiltonian describes effective exchange interaction with parameter M describing effective magnetization in energy units. The magnetization is oriented in z-direction (outof 2DEG plain) and depends on temperature according to the Bloch relation [33] :
T is the temperature and T C denotes Curie temperature. Here it should be stressed that the above effective Hamiltonian is unbounded from below for large wavevectors what is unphysical. Thus the considerations within this model are restricted only to small quasiparticle densities. Thus, one needs to define the cut-off energy, E c (and corresponding to it cut-off wavevector) below which the states might be occupied and require that chemical potential is far below the cut-off energy, that is µ ≪ E c . Accordingly, for numerical calculations, the module of cut-off wavevector, k c , is defined as k c = 2 /(3mλ) and corresponds to the local maximum of the energy dispersion for the lower (i.e., E − ) branch (see inset in the upper right corner of Fig. 1(f) ). Since the cut-off wavevector depends on the effective mass and Rashba coupling constant, thus the energy window related to the reasonable changes of the chemical potential also strongly depend on them. This is shown in Fig. 1(f) , where k c is plotted as a function of the quasiparticle effective mass. Additionally, the Fermi contours fixed for the same Fermi energy, for different values of effective mass are shown. Evidently, the anisotropy of energy bands is more pronounced at higher effective masses.
The casual Green function corresponding to the Hamiltonian (1) has the following explicit form:
with coefficients:
B. Anomalous Hall conductivity
To calculate the anomalous Hall conductivity (AHC), the Matsubara-Green's function formalism has been used (see e.g. [34] [35] [36] [37] ). In the linear response regime, the transverse charge current density induced by external electric field can be derived based on the following expression:
where G k (iε n ) denotes Matsubara-Green's function corresponding to the unperturbed Hamiltonian (1) with ε n = (2n + 1) π k B T , ω m = 2mπk B T being Matsubara energies, and k B is the Boltzmann constant. The charge current density operator is defined asĵ i = ev i where e is the electron charge and the velocity operator is defined asv i = −1 ∂ kiĤ . The perturbation HamiltonianĤ A describing the coupling of quasiparticles with an external electric field is given in the form:
where the amplitude of electromagnetic field is linked with the amplitude of electric field through the well known relation: A y (iω m ) = −i E y (iω m )/iω m . The sum over Matsubara energies has been done using the method of contour integration and analytical continuation for Green's function [34] . Finally, the expression for AHC receives the following form:
C. Anomalous Nernst conductivity
The anomalous Nernst conductivity (ANC) can be also found based on Matsubara-Green's function formalism. One can start from equation similar to Eq. (7), but with the perturbation Hamiltonian defining as follows:
whereĵ h y is a heat current density operator and A is an artificial gravitational vector potential amplitude related to the temperature gradient by the following expression: A(iω m ) = i ∇ y T (iω m )/(iω m T ) (for details see e.g. [37, [39] [40] [41] ).
In turn, it is also known that some thermal transport coefficients obtained within the Kubo-like formalism behave unphysically when the temperature tends to zero. Thus, to satisfy the Onsager relations, the magnetization currents should be taken into account. Other words, for the anomalous Nernst effect, to obtain results satisfying the third thermodynamic law, one should add to the expression derived from the Kubo formula an additional term related to the orbital magnetization current density. In this manuscript, quite tedious calculations of the orbital magnetization are omitted due to the fact that in the model under consideration the AHE is determined by the topological component. In such a case it is easier to calculate the transverse heat current conductivity, β xy , which intrinsic contribution is expressed by the entropy density of the electron gas, S n (k), and the Berry curvature, B z n . Since the transverse heat current conductivity is related to the transverse heat conductivity by the Onsager relation, β xy = α xy T , ANC is given by the following expression [42, 43] : The entropy density for the n-th subband is given by the equation:
(12) and the Berry curvature is calculated from the expression:
with Ψ n standing for the eigenvector related to the n-th eigenvalue of the Hamiltonian (1).
III. RESULTS AND DISCUSSION
Evaluation of the Eq. (9) for AHC and Eq. (11) for ANC allows to obtain analytical and numerical results. Eq. (9) has to be integrated analytically over ε and next the dc-limit (ω → 0) has to be taken. Moreover, after a long discussion about different origins of AHE and proper nomenclature related to its different origins (see, e.g., [28] ), the AHC is commonly expressed as a sum of two components:
The first component, σ
, is the contribution from the states at the Fermi level and the second one, σ Here we consider the quasi-ballistic limit, that means low impurities concentration and weak scattering on impurities, which results in Γ → 0. In this case, we found that the component σ I xy is a few orders of magnitude smaller than the contribution from σ II xy and can be neglected. Thus, the electronic properties of the system described by anisotropic k-cubed Rashba model is determined by the quasi-particle states from the Fermi sea, and:
This result might be verified easily taking into account the fact that the topological contribution to the AHC may be derived based on the knowledge of the local value of the Berry phase in the system [44] [45] [46] :
The Berry curvature for the considered model has the following explicit form:
Thus, inserting (17) into (16) gives immediately Eq. (15). In turn, taking into account Eq. (11) the expression for ANC reads: The AHC increases slightly with the temperature reaching a maximum at certain value of T , and next decreasing to vanish at T equal the Curie temperature (T = T C ), where the phase transition occurs, and a system becomes nonmagnetic (Figs. 2 (a)-(d) ). Moreover, one can easily see that the maximum value of AHC is shifted to higher temperatures with increasing the saturation magnetization (Figs. 2 (a),(b) ). For higher temperatures and larger M 0 the maximum of AHC is well pronounced and precedes the magnetic phase transition. Furthermore, the competition between the strength of spin-orbit coupling and saturation magnetization is clearly seen in Figs. 2 (e)-(h). AHC increases with the saturation magnetization, reaches a maximum, and then saturates. In general, for the fixed M 0 and µ, the absolute value of the anomalous Hall conductivity increases with increasing λ. Note that the chemical potential is fixed with changing the temperature, that is, the number of quasiparticles may be changed. With increasing the temperature the magnetization decreases and the subbands splitting degeneracy also decreases. Moreover, the blurring of quasiparticles distribution also increases. In consequence, the AHC decreases with temperature. The AHC behave quite nonmonotonous with the variation of the chemical potential. For the fixed value of saturation magnetization, we observe that AHC increases with increasing the chemical potential but after reaching maximum it decreases and becomes zero at T = T C (Fig. 3 (a), (b) ). Moreover, the maximum of the absolute value of AHC moves to higher values of µ and T if the saturation magnetization, M 0 , in the system is higher (compare Fig. 3 (a) , (b) with Fig. 3(c), (d) ). Note also that the AHC is almost zero when only one subband is occupied (that is, for Fermi level in the Zeeman gap). Only when the temperature is sufficiently large, in comparison to M 0 , the thermal smearing of charge carriers distribution in both bands leads to nonzero AHC, also for negative values of µ, what is seen in Fig. 3 . Figure 4 shows the anomalous Nernst conductivity as a function of the same parameters as for AHC, that is the temperature, T , saturation magnetization, M 0 , and Rashba constant, λ. For fixed value of chemical potential (here µ = 60 meV), and sufficiently large saturation magnetization one can observe that the anomalous Nernst conductivity increases almost linearly with temperature and then, for a certain value of T , decreases abruptly and change the sign to reach well define pick for temperatures preceding the Curie temperature (Figs. 4 (a)-(d) ). Both maxima (maximal negative and positive values) occur for higher temperatures when saturation magnetization, M 0 is higher (Fig. 4(b) ) or the spin-orbit coupling parameter is smaller, λ (Fig. 4(d) ). Moreover, one can see very nonmonotonous behavior of ANC as a function of both M 0 and λ (Figs. 4 (e)-(h) ). When the spin-orbit coupling is sufficiently large (i.e., it dominates the exchange interaction), ANC takes positive values and increases with M 0 . After reaching a maximum, the ANC decreases, and for a certain value of M 0 it changes sign and approaches minimum. Finally, the absolute value of ANC slightly decreases and saturates for sufficiently large values of M 0 . When exchange interaction dominates the Rashba one, the ANC is always negative. This is also very good seen in Fig. 5 where ANC is presented as a function of temperature and chemical potential for the two different values of M 0 .
One of the most important features in the behavior of ANC is the change of its sign, that occurs for temperatures preceding the magnetic phase transition. The similar sign reversal of ANC as a function of temperature has been observed experimentally in different oxides materials (such as LSMO thin layers and SRO crystals) [47, 48] as well as in ferromagnetic semiconductors [49] . In the case of all these experimental data, the intrinsic mechanism has been confirmed as a dominant one. This behavior seems to be in agreement with our theoretical studies that show unambiguously that the topological contribution governs the behavior of both anomalous Hall and anomalous Nernst effect. Moreover, this is also consistent with our previous study for the two-dimensional gas with isotropic cubic Rashba coupling [50] .
IV. CONCLUSIONS
The anomalous Hall and Nernst effect have been studied in the magnetized two-dimensional electron gas with anisotropic k-cubed Rashba spin-orbit interaction. It has been shown that the topological term determines anomalous Hall and anomalous Nernst conductivity. The contribution from the states at the Fermi level to both conductivities are few orders of magnitude smaller and does not affect the total system responses. Such behavior of AHE (ANE) in the systems revealing k-cubic Rashba interaction is distinct in comparison to the systems with k-linear Rashba coupling where AHE is nonzero only when the carriers relaxation times are finite and spindependent (see, e.g., [51] ). Moreover, the change of sign in ANC has been observed in temperature dependences. The sign reversal precedes the magnetic phase transition and has been observed recently in experiments for magnetic perovskite oxides. The system responses for the model studied in this paper might be changed when one takes into account scattering processes (taking corrections related to the vertex correction, skew-scattering, and side-jump, randomness of spin-orbit coupling, etc.) related to the impurities with a magnetic moment and spin-orbit coupling. All these processes (that will be studied separately elsewhere) may modify the contribution from the states at the Fermi level remaining the topological contribution unchanged.
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